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1. The Levin Equation

We wish to compute the following integral;

/R exp(iwg(z,y)) f(z,y)dxdy (1)

Where w € R is a constant, f,g: R? — R are slowly-varying functions and R = [a, b] x [c,d] C R? is a rectangle.
To solve this integral, it suffices to solve the following second-order differential equation for p : R2 — R:
82

920y [exp(iwg(w,y))p(z,y)] = exp(iwg(z,y)) f(z,y) (2)

For plugging the above into Eq.(1), we find;

b pd 2 b
| [ 5y teswlisatepte. ) dsdy = [ 5 fexpliagle. d)pla. ) ~ explig(eo, oo, )] do

= | expliwg (b, d))p(b, d) ~ exp(icwg (b, ©))p(b, )|

~ | expliwg(a,d))p(a,d) ~ exp(iwg(a,c))p(a.o)|

Evaluating the LHS of Eq.(2) yields the following;

f(z,y) exp(iwg(x,y)) = aa (py(z,y) +iwgy (2, y)p(x,y)) exp(ivg(z,y))

= { Ipy(@.y) + iwg, (@ y)p(@,y)] iwg.(z,y)
+ [Pay(,9) + 19 (92 (2, 9)2(2,y) + by (2, 9)pa (2, )] | expliwg(z, )

— f = Pay + iw(gxpy + gypr) + (iwf]zy - w2gzgy)p (3)

This is the Levin Equation.

2. Discretization

Introduce a 2-dimensional Chebyshev tensor product extremal grid {(=z;,y;)}}';—1, and introduce the following

notation:

f(171,y1)
f(x2,y1)

1= f(zn, )
f(xl’y2)

f(@n,yn)

Finally, let D denote the n x n spectral differentiation matrix. Then the n? x n? matrices

I®D D®I
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map [f] — [fz] and [f] = [f,] respectively. It follows that
(I @ D)(D®I)[f] = (I @ D)[fy] = [fay]

We now construct the following matrix A € M,2 ,2:

A=I@D)D®I)+iw (diag[gz}(D ® I) + diag[g,|(I ® D)) + iwdiag[gzy] — w2diag[gmgy]

It then follows that

Alp] = (I @ D)(D @ I)[p] + iwdiag[g, (D @ I)[p] + iwdiag[g,](I © D)[p] + iwdiag[g.,][p] — w*diag[g.g,][p]
= [Pay] + [iwgapy] + [iwgyps] + [iwgayp] — [©*g2g,p]
= [Py + iw(gaDy + gypr) + (iWgey — w929y )p]
= [/] (By Eq.(3))



