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Abstract

Oscillatory integrals are often handled by the classical Levin method which operates by solving a
particular differential equation for the antiderivative of the integrand. Recent works have displayed
that, although long believed to have suffered from low-frequency breakdown; the Levin method can
rapidly produce accurate solutions for all orders frequency if deployed properly. Recent experimental
evidence, shortly followed by theoretical proof, has shown that if Chebyshev spectral methods are used
to discretize the aforementioned differential equation and then the resulting linear system is solved via a
truncated singular value decomposition, then no low-frequency breakdown occurs.

In this paper, we generalize the previous algorithms and theoretical results from the one-dimensional
Levin method in order to evaluate integrals over two-dimensional domains. We provide two variants of
this generalization with distinct assumptions on the functions involved. Each of these variants operates
by solving a differential equation for the anti-divergence of the integrand. Under particular assumptions,
the resulting differential equation admits a slowly varying vector field solution, allowing the boundary
integral to be rapidly evaluated using one-dimensional Levin algorithm. We describe a method of
obviating the resonance problem by forcing alignment in vector field the solution with direction of
maximal normed frequency, ensuring maximal frequency along the boundary integral. We provide proof
that when the integrand is either slowly oscillating or even contains stationary points, the algorithm
does not suffer from low frequency breakdown. Extensive experiments testing these algorithms is
reported for a vast class of oscillatory integrals. The results highlight the high performance, efficiency
and robustness of these algorithms, further showing that in absence of low-frequency breakdown, the
two-dimensional Levin method is suitable for use as the basis of an adaptive scheme.

1 Introduction

First introduced by David Levin in [4], the Levin method is a classical technique for evaluating one-dimensional
integrals of the form

b
| @) expligo)d. 1)
where f : R — C is a slowly varying, possibly complex valued function, g : R — R a slowly varying scalar valued
function, ¢’ is of large magnitude.

It operates by solving the first order ordinary differential equation

P'(z) +ig'(2)p(x) = f(2) (2)
which, under the above assumptions, admits and slowly varying solution p(z) such that

= (pla) explig(e))) = f(x) explig ). 3)

The value of (1) is then given by
p(b) exp(ig(b)) — p(a) exp(ig(a)). (4)

Recent work [5],[6] presents experimental evidence that if Chebyshev spectral methods are used to discretize (2),
and a truncated singular value decomposition is used to solve the system, then no frequency breakdown occurs.
Following this, [3] proved this to be the case, regardless of the magnitude or number of stationary points of g. Since
¢’ need not be invertible, they further prove that the Levin equation admits a solution that can be approximated
by a polynomial expansion at a cost which decreases with the magnitude of ¢’. Finally, they implement an adaptive
algorithm and provide vast experimental results displaying the accuracy and robustness of this method.
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In this paper, we generalize the adaptive scheme discussed in [3] to handle two dimensional integrals over a
rectangle R C R2. Specifically, we handle integrals of the form

:Aj@wmmm%mmw, (5)
where

e R =a,b] X [¢,d] a rectangle in the plane,
e f:R2 = C a scalar function on the plane and

e g:R? = R a scalar function on the plane, slowly varying, and Vg is of large magnitude.
The algorithm operates by solving the partial differential equation

where Vg(x,y) is the gradient of the function g. Then the vector-valued solution p(z,y) = (g ! i y
2
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satisfies
V- (p(x, y) exp(ig(z,y))) = f(x,y) exp(ig(z, y)). (7)
Substituting this into integral (5) and applying the divergence theorem, we obtain the integral

z:/ p(z, ) explig(x, 1)) de(x, ) (8)
OR

which can be written as

b d
I= / pa(z, ) exp(ig(z, c dx—i—/ p1(b,y) exp(ig(b,y))dy
a

b d
+/ pa(x,d)exp(ig(z,d)) / p1(a,y)exp(ig(a,y))dy

Similar to the one-dimensional case, the differential operator

Lp|(z,y) = V- p(x) +iVg(z,y) - p(z,y) (10)

has a nullspace consisting of vector fields of the form

P(7,y) = q(z,y) exp(—ig(z,y)) (11)

where q is divergenceless; V - q(z,y) = 0.

In this work, we prove that when bivariate Chebyshev spectral methods are used to discretize (6), and the resulting
linear system is solved via a truncated singular value decomposition, no low frequency breakdown occurs.

First, we prove that when Vg is non-vanishing, the two-dimensional Levin equations admit well-behaved solutions
that can be approximated by bivariate polynomial expansions. We then consider the case where Vg is of small
magnitude and possibly has zeroes, in which case Vg is not invertible. We show that even in this case, the two
dimensional Levin method admits a well-behaved solution. These results generalizes the results of [3].

Note that the proofs of these results are negligibly dependent on the dimension of the ambient space. All theorems
and results can be trivially modified to obtain analogous results for the case where f, g : R® — R for any value of n.
In this report, however, we exclusively present results pertaining to the case where n = 2.
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2 Preliminaries

2.1 Notation and Conventions

The use of capital scripted letters of the form o7 are reserved form matrices, and bold letters v reserved to denote
vectors. We denote by diag(v), for a vector v of length n, the n x n diagonal matrix with diagonal entries being the

components of v:
U1
diag(v) = ( ) . (12)
Un,

Similarly, we denote by diag,, (\) for some constant A the n x n diagonal matrix with diagonal entries uniformly A:

A
diag, (\) = - . (13)
A

We denote by B,(a,b) the closed ball of radius r centred at the point (a,b) € R%. That is,

By(a,b) = {(z,y) € R?: (z — a)* + (y - b)* < 1*} (14)

We write C"([a, b]) to denote the set of functions whose derivatives of orders up to or less than n are uniformly
continuous on the interval [a,b]. In the case where n = co, C™([a,b]) denotes the set of infinitely differentiable
functions whose derivatives are uniformly continuous on the interval [a, b]. We extend this notation to handle
multi-indices of the form f(z,y) € C™™)(R) for some R C R? to denote the fact that f is C" in z and C™ in y for
(z,y) € R.

We denote by S(R™,R™) the Schwartz space of infinitely differentiable functions f : R™ — R™ whose derivatives of
all orders decay faster than any polynomial, while reserving S(R™) for the case where m = 1.

The space of tempered distributions is denoted by S’(R™). For f € S(R™) and tempered distributions ¢ € S’(R"),
we write (p, f) to denote the action of ¢ on f, given by the formula

(.1) = [ ola) fa.v)dady. (15)

The order of a tempered distribution ¢ € S(R) is the least non-negative integer N such that for all compact sets
K C R, there exists a constant My such that

(¢, f)] < Mg sup sup |D*f(z)| (16)
0<k<N zcK

for all f € S(R) with supp(f) C K. Further, we introduce the double-index notation (N7, N3) to denote the order
of a tempered distribution ¢ € S’(R?) which is of order N; in the first variable and of order N, in the second
variable. Explicitly, for all compact K C R? there exists a constant My such that

(o, /)l <Mk sup  sup |DEf(z,y) (o, f)] <Mk sup  sup |DJf(z,y)| (17)
0<k<Ny (z,y)€K 0<k<Ns (z,y)€K

for every f € S(R?) with supp(f) C K.

For a function f € S(R?), we use the convention

A

fewn =5 [ S en(-igs (18)

for the Fourier transform of f in the variable x, and
R [e.e]
flz,y) = / f(&, y) exp(iéx)dx (19)
—o0

the inverse Fourier transform. Formulas are given analogously for the Fourier transform in y. By extension, we
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utilize

fler6) = 3 [ | Fa)exp(=iléa + ) dody (20)

for the Fourier transform of f in both variables, and
fla) = [ Fler. &) expliféra + Ea)déades (21)

the inverse Fourier transform of f in both variables.

Throughout, we utilize the notation x < y to indicate there is some constant C' independent of y such that z < Cy.
We say that

f(x,y) = O0(g(x,y)) as [[(z,y)|| = o0 (22)

if there exists constants M and C' such that

2.2 Bivariate Chebyshev expansions
We denote by T,,(x) the Chebyshev polynomial of degree n, and
cheb cheb

“1=afP <af <<t =1 (23)

the k—point grid of Chebyshev extremal nodes which are given by

s
x;’-f}fb:cos(ﬂk_i>, j=1,... k. (24)

For the square R = [—1,1]?, denote by

{arfhe®, 2§y o (25)
the k x k tensor product Chebyshev extremal grid on R, where {1’?}}510 k_| is the the k—point grid of Chebyshev
extremal nodes on the interval [—1,1]. This extremal grid can be mapped to any rectangle [a,b] x [c,d] C R? via
the affine bilinear mapping

b—a b+a d—c d+c
L = . 2
(z,y) <2x+2,2y+2) (26)
For functions f € C*(R, C), we define P,[f] to be the bivariate Chebyshev series
Pifl= > ayTi(x)T;(y)- (27)

0<i+j<n

which interpolates f at the nodes of the k x k—point Chebyshev tensor product extremal grid. If f € C*(R, C),
then it admits a uniformly convergent Chebyshev expansion

Fla,y) = by Ti(x)Ti(y). (28)
i,j=0

It is well known that P,[f] converges to f faster than any polynomial. In particular,
B 1
|bij| = O Tk (29)
for all [,k > 1. Resultingly, for all 0 < € < 1, we can choose n sufficiently large such that

0
1PuL] = Fllgey < €l f i and H

0
SePalfl= gt <l @0
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By extension, it follows that
1Pl < 20 flim and <2|3 (31)
L>(R) z
Moreover, for any two functions f,g € C°°(R), we have the following inequality;
1 Palf1Pnlg] = fllLo(ry < 1PalflllLoe ()l Prlgl = gllLoe(r) + 1Pnlglll oo (m) [ Palf] = Fll oo (m) (32)
<Ae| fllLe(r)llgllL=(r) (33)
We utilize the notation [f] to denote the vector
Fe®, yiet)
Flasheb yhe)
cheb , cheb
1= ok i @
f(331,k Y2k )
F(ag®, y55e®)

FQ, yieP)

of values of an expansion of the form P,[f] at the tensor product extremal Chebyshev nodes on the rectangle R.

We represent the vector field F : R? — R?, where

via the concatenated vector

The k™ order bivariate Chebyshev partial spectral differentiation matrices are the k? x k? matrices 2 and 2

which maps the vector [f] to the vectors

9f (..cheb ,cheb
%(%,k » Y1k )
9f (,.cheb , cheb

aj(%,k W )

9
{W} | B )

of cheb , ,cheb
O a5 (@, Y5 k)
9f (..cheb ,cheb

37(952,19 » Y2k )

9f (,.cheb , cheb
%(xk,k Yk k )

of values of the partial derivatives of f at the tensor product Chebyshev extremal grid. That is,

ZneE

ox

(35)

(36)
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2.3 Truncated singular value decomposition

If o7 is an complex-valued n x m matrix where n < m, then any decomposition of the form

| AV | N\’
o =|u - u, Vi o Vi ; (39)
| | on) \I |
is referred to as a singular value decomposition of «/. Here, 01,...,0, € R are singular values, and {uy,...,u,}
and {vy,..., vy} are the left and right singular vectors which form orthonormal bases of C™ and C™ respectively.

The quantities {o;}" ; are referred to as the singular values. They are unique up to ordering, and are
conventionally ordered in descending order.

A truncated singular value decomposition of the matrix 7 is any approximation of the form

| BWA | N\’
g =|u - u Vi o Vg ) (40)

| | o) \ |

where 1 < k < n, and each u; € C" and v; € C™. An algorithm which computes the truncated singular value
decomposition takes as input some desired precision parameter € > 0. The truncation integer k is then taken to be
the smallest integer between 1 and n — 1 such that o < €, or K = n otherwise. The approximate solution X to the
linear system Ax =y is then taken to be

1 T

| | o1 | |

X=|vy - Vi u - ug | y. (41)

The following lemma is a simplified version of Theorem 2.1 in [7].

Lemma 1. Suppose that € > 0, and &7 is an n X n matriz with complex entires. Further, suppose

gdx =y + 0y (42)
for some x,y and &y € C™ with
16yl < e |[x]|- (43)
Suppose further that the linear system
AdX=y (44)

is solved in finite precision arithmetic using a singular value decomposition which is truncated at precision €| </ ||,
and that z is the resulting solution. Then

2] < 1| (45)

and
|z —y| < ell|[[[x]]- (46)

The above lemma implies that when a linear system admits an approximate solution with a modest norm, a
truncated singular value decomposition can be used to obtain a solution with both a small residual and modest
norm.

2.4 Approximation by bandlimited functions

Throughout the analysis of the two-dimensional Levin equation, it will often be necessary to approximate a
function f : R — R, where R = [—1,1]?, via a well behaved bandlimited function f; on an open neighbourhood of
the domain of f. In this report, we take the term 'well-behaved’ to mean that the L>°(R?) norms of fy, fb and the
derivatives of fb are bounded by small constant multiples of the L°°(R) norm of f. To ensure a tight bound on the
approximation fp, it is often desirable to choose the minimal bandlimit subject to the above constraints.
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The existence of such a bandlimited function f, of f is provable under certain regularity conditions on f. The
following theorem is a dimensional generalization of Theorem 1 in [3], which itself is a slightly modified version of
Theorem 1 of [1]. The relatively weak conditions on f of this theorem is an example of sufficient regularity to
ensure existence of such a bandlimit fp.

Theorem 1. Suppose that f : R — C admits an infinitely differentiable extension to an open neighbourhood of R.
Then for each positive integer m and each real number ¢ > 1, there exists a constant k(m) independent of ¢, and a
function f, € S(R?) such that

1. fy is supported on [—c — 2, ¢+ 2]2,
2. 1o = Fllecry < 22,
S [ folloeemey < 2\ fllLee(r) + kif),
4o I follze @2y < I fllzoe(ry and
o ¢ L
5. “T&fb"Loo(R2> < 2| fllp ) fori=1,2.

Proof. Here, for simplicity, we prove the existence of such a bandlimited function in the case where f : B1(0,0). Of
course, composing with a diffecomorphim F : R — B1(0,0) which admits a diffeomorphic extension to an open
neighbourhood of R, we obtain the results of Theorem (1). Explicitly, if f : R — C admits an infinitely
differentiable extension to an open neighbourhood of R, then foF~!: B, (0,0) — C admits an infinitely
differentiable extension to an open neighbourhood of B,(0,0). An example of such a diffeomorphim could be given

by
x\/l—% y,/l—‘%2
F(z,y) = , . 47
(x.9) e (47)

We begin by defining M = || f| (B, (0,0)) and let 0 < < 1 be so small such that

Il oo (B150,0)) < 2M. (48)

Moreover, we define a window function T} (x,y) € C*°(R?) such that T} (z,y) = 1

1, »<1
Ti(z,y) =14 =7 49
e.y) {0, r>1+46 (49)
where 7 = /22 + y2 and |T'(x,y)| < 1 for all (z,y) € R% An example of such a function is
1, r<1,
Ty(z,y) = H (% —5), 1<r<1+4,. (50)
0, r>1+6.
where H(z) is the infinitely differentiable ramp function
1(1 f( z )) ol <1
H((E) = 2 ( Ter V1—z2 |1’| — . (51)
Now consider fi(z,y) = f(z,y)T1(z,y). Since f € S(R?) and T is infinitely differentiable, it follows that both
fi,fies (R?). Therefore, f1 is rapidly decaying, providing us with the following inequality;
2 k1 (m)
sup |f1(61,6)| < 7o (52)
€1>1 &+
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where & = (£1,&2). Since |Th(z,y)| < 1, it follows that |fi(x,y)| < 2M for all (z,y) € R. We compute
A 1 .
A& = [ Ao e (i + &) dudy (5)
T JB144(0,0)
1
< —2M(1+6)*n (54)
472
2M
< —
. (59)
Similarly,
d ; —1 AM
< == —i dody| < ~—
’d§1f1(§1a£2) ‘47r2 /B1+5(0,0) Ji(z,y)zexp (—i(§1z + &oy)) dedy| < g (56)
d , —1 AM
il =|— —1 dedy| < —.
ehee| =l A ses it + ) e < 2 57)

We now define a second windowing function Tp € C°°(R?) such that

1. |Ty(z,y)| <1 for all (z,y) € R,
2. |%T2(x,y)| <1and ‘%Tz(a:,y)’ <1 for all (z,y) € R?,
3. To(z,y) =1 for all r < ¢ and

4. To(xz,y) =0 for all r > ¢+ 1.

Once again, an example of such a function can be constructed by utilizing the ramp function discussed above.

Explicitly, take

L, r<1,
Ty(z,y) =¢H (L -1%), 1<r<l+g,
0, r>1+4ec.

Since ¢ > 1, it follows that property 2 of T holds. Now, by defining

fol&,&) = fi(&r, &) (61, &),

property 1 is immediately satisfied. Recalling the inequality (52) and that |Tx(z,y)| < 1, it follows that

‘fl(xay) - fb(aj?y)

ﬁ /Rz Fil&,&) (1 —To(&1,&)) exp(i(bra + Eoy))dérdés

1 o
< 272/ f1(£17§2)’d§1d£2
T Jlg|>e
1 kl(m)
<-— d&dés
272 Jig|>c €2
R TGO RN
212 J,s, T2
_ Fka(m)
2rmem’

(58)

(60)
(61)
(62)
(63)

(64)

If we let k(m) = k1(7:1)’ conclusion 2 of the theorem follows immediately. Combining the above with the fact that

2m
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| f1(z,y)| < 2M, we obtain property 3. Finally,

X A 2M
fe &) = A6 @6 ) < =, (65)
o 61,8 = | 6@ Tal61, ) + i) gy Tater )| < 2o 4 2 O (66)
for i = 1, 2 establishes properties 4 and 5 of f; above. O

Definition 1. Suppose that f: R — C admits an infinitely differentiable extension to an open neighbourhood of
R. Then for each 0 < € < 1, we denote by cs(€) the smallest positive real number ¢ such that there exits a function
f» € S(R?) of bandlimit ¢ such that

Lo[fo = fllee(r) < €llfllo=(r),
2. || folloe 2y < 4l fllLe(r)s
3. || foll oo (r2y < [|f]| o= (r) and
.
n Ha—&fbHLw(Rz) 9| fll o (1 for i = 1,2.

Of course, the existence of such a bandlimited function f; of the function f: R — C with associated bandlimit
cy(e€) is provided by Theorem (1).
The following result is an immediate consequence of Theorem (1).

Corollary 1. If f : R — R admits an infinitely differentiable extension to a neighbourhood of R, then for every
positive integer m,
1
1\ ™
cr(e) =0 <(€> > as € — 0. (67)

2.5 Bivariate Legendre expansions of bandlimited functions

Throughout this subsection, we use the notation Py (z) to denote the Legendre polynomial of degree k. Moreover,
we let R =[-1,1]2

Lemma 2. If ¢ is a tempered distribution of order (N,0) which has support contained in some rectangle

R = [—c,c]? for ¢ > 0, then there exist one dimensional complex Radon measures {vy}p—," on [—c,c] and a complex
Radon measure pn on R such that

N-1 N

> [ S ont) + [ e aute. (68)

=0

for all f(z,y) € CNO(R).

Proof. Since the space of tempered distributions of order (IV,0) which are supported on R can be identified as the
dual space of CV:0)(R), it suffices to show that any element of the dual of C(™:9(R) is of the form (68). The case
where N = 0 follows from a trivial application of the Riesz representation theorem, so suppose that N > 1. Define
hi(y) : [—¢,c] = R by

ok f
h
k(y) = 5% 0.9). (69)
Since any function f € C(V:9)(R) can be written as
N-1 k z AN
B x 1 o f No1
o) = 3 )3+ gy, i e (70)

the map
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is an isomorphism C(V-9(R) — TN (C°[—c,c]) x C(R) where C(R) is the space of uniformly continuous functions
on R. The result follows by observing that the dual of C(R) is the space of complex Radon measures M (R) and
the dual of C°([—c, c]) is the space of complex Radon measures M ([—c, c]) O

Lemma 3. If the Fourier transform of a tempered distribution is of order (N,0) and has support contained in a

rectangle R = [—c, c]?, then ¢ can be expressed as an entire function of the form
N—1 ¢
oo = Y o [ Fexplivga)dn(€a) + o [ ¥ e (i6rs + &) dul6r, o), (72)
k=0 —c R

where p € M(R).

Proof. The tempered distribution ¢ is given by

where
E(ay) (€1,62) = exp (i(§17 + &2y)) (74)
Then the result follows immediately from Lemma (3). O

The following Lemma is taken directly from [3], and is restated here for convenience.

Lemma 4. For all real-valued £ and non-negative integers k,

lexp(i&x) P (x)] < (75)

Theorem 2. Suppose that the Fourier transform of o € S'(R?) is a tempered distribution of order (N,0) supported
on [—c,c]?> where ¢ > 1. Then ¢ is an entire function and the coefficients of the Legendre expansion

2,y) = Y amPi(z)Pn(y) (76)

1,m=0
of  satisfy
()"
lml S 7= N DE(m+1)° (70
foralll > N.
Proof. Let R. = [—¢,c]?. By Lemma (3),

/ o(z,y) P (x) Py, (y)dzdy =
R R

N—1 c
(Z 7t / i* exp zyfz)dvk(&)> 1(2) P (y)davdy + (78)
k=0 -

( [ et + ) wNPz(w)Pm(y)du(&,é“z)) dady. (79)

> (/11 =" Py(x dx) (/ [Cz exp zygg)dyk(gg)) (80)
/RL (< N exp(izé,) Pz )dx> </11 exp(z‘xgl)Pm(y)dy>> (€, &). (81)

/1 2" Py(x)dx =0, (82)

-1

Hm\

Since, for [ > N,
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for all k£ < [, it follows that

[ exvligan ity (59

-1

1
/ exp(i&x)z™ Py(x)dx

(€1,62)€R: | J 1

/R w(x,ym(x)my)dxdy] < |ul(R.)  max

A direct application of Lemma (4) yields

' 5"
i€0y) Pr(y)dy| < ——2— 84
[ extigmrin < 2 (54)
for |&5] < e. Substituting
m—+N
NP(l) = > bpPr(a), (85)
k=m—N
into (85), where
1 !
by =1/ k+ 5/ N Py (z)dz, (86)
-1
in conjuction with Lemma (4), yields
LN 2|by| oY I+N
L X 210k ‘7’ (4N + 2) max{|by|} ()
: N k152
P(z)dz| < <
’/1exp(z§1x)m (x)dx| < 2 NS TI—N+1) (87)
for all |£1] < ¢. Combining this result with (84) and (83) yields (77). O
3 Analysis of the Levin Equation
In this section, we prove the existence of a non-oscillatory solution to the two-dimensional Levin equation
Vp(z,y) +iVy(z,y) - p(2,y) = f(z,y). (88)

on the domain R regardless of the magnitude of Vg. Our theorems apply even in the case where g has a stationary
point. Equation (88) is a scalar equation whose unknown is a vector field of two components. As a result, we are
free to impose an additional relationship between the components of p. For instance, we can assume that p is of
the form

P(z,y) = v(z,y)p(z,y) (89)

for a given v(x,y) and unknown p : R? — C. In this section, we prove that when p takes the form

i) = (757). (90)

there exists a non-oscillatory solution regardless of the magnitude of %. In fact, it is easy to see that this result
holds for any choice of constant v, since the theorem can be applied on a larger rectangular domain containing R,
which has been rotated so that one of the sides is aligned with v. This observation can be exploited numerically to
accelerate the Levin method by choosing an appropriate v—see our discussion in Section (4.1).

Imposing the restriction (90) results in the equation

op dg

%(x,y)—&-ia—x(ﬂv,y)p(m,y) :f(x’y)7 (91)

which, for each y € [—1, 1], reduces to the one dimensional Levin equation (2). We begin our analysis of (91) by

considering the case where % is constant. That is, we show the existence of a non-oscillatory solution to

S play) + iwapley) = f(z.9). (92)
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This reduces the differential equation to the one which appears in [3].

For the remainder of this section, let R = [—1,1]?, and let R, = [-1,1] x {y}.

Lemma 5. Suppose that f : R — C admits an infinitely differentiable extension to an open neighbourhood of R,
and wy # 0. Then for each 0 < € < 1, there exists a function p, € S(R?) such that

1. pp(&1,&2) is a tempered distribution of order (1,0) supported on [—cs(€), cf(€)]?,

1)

2. | %@, y) + iwnpo(e,9)| < €llfll iy for all (z,y) € R,

3. lplzoecry S win {1, 2y FIf e ry and

4 Ha%prLoo(R) N min{ g |w1\ } [ fllLe(r

Proof. We let f, € S(R?) be a function with a bandlimit Wy = cf(e) which adheres to all conditions in Definition
(1) and define p; via the formula

Wo Wo ¢
po(z,y) = /_WO [p.v. /_WO 1{2(15_1’_’32)) exp(i(é1x +§2y))d§1] dés. (93)

It is clear that py is a tempered distribution of order (1,0), so condition (1) above holds. Moreover, it follows that

0 ,
%(.’E,y) + %leb(%y) = /

—Wo

Wo [pv /Wo i(Wl +§1)fb(£1,§2) .

;. o+ 61) xp(i(&1r + fzy))dé“l] déa = fo(z,y).  (94)

Recalling from Definition (1) that
If = follLe(ry < €llfllL=(n), (95)

condition (2) above immediately follows. By taking the inverse Fourier transform in the variable & in (93), we
obtain the following formula

Y hEny)
_ b\S1, YY) ixgy d 96
po(z,y) = p.v. /_WU EETRAAE (96)
We now apply Lemma 4 from [3] to see that the bounds

. 1
sl (R,) < min 41, ol I fllz~(r,) and (97)

. 1
oo  sminfa 2 i, (99)

L>(R,)
hold for each y € [—1,1]. Conclusions (3) and (4) follow by taking the supremum over y € [—1, 1] of equations (97)
and (98). O
99

The proceeding lemma provides a bound on the error of the approximate solution p in the case where 37 is
constant. We now consider (91) in the case where % is non-constant but does not have stationary points. As with
the constant coefficient case, the coefﬁment can be arbitrarily small in magnitude. We suppose that f: R — (C
and g : R — R admit infinitely dlﬁerentlable extenblonb to open neighbourhoods of R and that the extension of

is non-zero on this open domain containing R.

For each y € [—1, 1], we define

and let

W_ = min{W®} and Wy = max{WW}. (100)
Yy Yy
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Moreover, we define

Go = min
(z,y)ER

ox

%, y>\ . (101)

Further, for each y € [-1,1], we let u¥) : R, — R, be given by the formula

uW (z) = -1+ % /I1 (gi(x,y)> dz. (102)

Noting that since % is non-zero in an open neighbourhood of R, it follows that, for each y in an open

neighbourhood of [—1,1], u(¥) is invertible and its inverse extends to an open neighbourhood of [—1, 1]. Finally, let
h: R — R be defined by

F (@)1 (2),y)

h(z,y) = . 103
(:9) ng) ((u(y))—l(z)) (103)
Under the above assumptions and notations, we have the following:
Theorem 3. For every 0 < € < 1, there exists a function p, : R — C such that
1. The Fourier transform of py((u¥)~1(2),y) is a tempered distribution of order (1,0) supported on
[—cn(€), cn(€)]? where h is defined via (103),
2. ‘%(%y) +i %2 (z, y)py(x,y) — f(w,y)‘ < e fl e my for all (z,y) € R,
Wil .
3. bl oy S L min {1, b H oo ),
Opy < IWal s 1
4. H a; Loo(R) ™ Go mln{l, |W,\} Hf||L°°(R)'
Proof. By substituting the variable z = u(¥)(z) into (91) and noting that
dg @) ouw)
A = 104
we obtain
Ip :

Since both f and ¢ admit infinitely differentiable extensions to open neighbourhoods of R, u¥) and h do as well.
This means we can applying Lemma (5) to (105), which shows that there exists an entire function p;(z,y) such that

1. p1(&1,&2) is a tempered distribution of order (1,0) supported on [—cp(€), cp(€)]?,

B2 (2,) + W1 (2,9)| S €llbll oy for all (2,) € R,

1
z

2.

3. Ipllzee () S min {1, g 1Al ey and

op1

1 | S min {1, i Il e -

Le=(R)

Now, by defining py(x, y) by the formula py(z,y) = p1(u¥) (z),y), it is clear that the first conclusion of this theorem
is satisfied. The other conclusions of the theorem follow from

ouv)
(%)

and the properties of p; listed above. O

-1

W |
11 oo (ry < G7+ 11 Lo () (106)
L>(R) 0

12/l ooy =
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It is important to note that Theorem 3 does not imply that the Fourier transform of the approximate solution p; of
the two dimensional Levin equation has compact support. Instead, it only shows that

Py = <ﬁla77(x,y)>v (107)

where p; is a tempered distribution of order (1,0) which is compactly supported and

Ney) (€1, 82) = exp (i(§1u¥ () + §2y)) - (108)

Since py is the composition of the entire function p; and the infinitely differentiable function «¥, the magnitude of
the coefficients {a;;} of the bivariate Legendre expansion decay faster than any polynomial. Moreover, (107)
implies that p, can be approximated at fixed relative precision via a Legendre expansion at a cost independent of
the magnitude of %. This is clear since h is defined only in terms of f and the normalized version u¥ of g, so that

cn(€) is independent of the magnitude of %. As a result, the bandlimit of p; is independent of the magnitude of

%7 and by extension, so is pp.

Our final theorem of this section applies whenever g—g is of small magnitude, regardless of whether it vanishes or not.

Theorem 4. Suppose that both f: R — C and g : R — R admit infinitely differentiable extensions to open
neighbourhoods of R, and that

dg 1
Gy = —. 109
' e |ae| <2 oo
Let 0 < € < 1 be given, and define an integer N given by
log(¢)
=|——]. 110
Een _—

Then there exists a function p, € C*°(R?) such that

1. The Fourier transform of py is a tempered distribution of order (1,0) supported on the domain

[—cp(€) — Ncagjou(€), cr(€) + Neagroq(€)]?, (111)

2. |9 @,y + i3 @ y)en(e,y) — F@w)| < 2¢ (14 25 ) Il Jor all (2,y) € R,
3. NIpsllery < =5 1 fll L= (r) and

<4 (1+ %5 ) I e

Opy
4 H 97 || Lo (R)

Proof. We let f, and 8gb denote the bandlimited functions of f and % which satisfy the requirements of Definition
1. In particular, we note that || foll e (r)y < (14 €)||fllL(r)- Define the functional operator A : L*°(R) — L*(R)

via the formula
* gp

Alp)(z,y) = r (@ y)e(a’,y)dz’. (112)
Moreover, let
) = [ gy (113)
and N
(@, y) = ;Ak[h](ﬂs,y% (114)

where AY is the identity and A* denotes repeated application of the operator A. Clearly,

H gy

Al < <Gy <1, (115)

Le>=(R)
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S0
N
[pollzee(r) < (Z ||A||];o> [l (r) (116)
1+GN+1
<G e (117)
1 + €
TR Hf||L°° (118)
Conclusion (2) of the theorem follows. Now it follows from (114) that
9 0 oh
3.4 N(@y) = 2= (2,9) = filz,y), (119)
9 4k 8gb k=11p,
—_ = > 1.
3:17A [h](x) 3xA [h](z,y) for k>1 (120)
Therefore,
ap 99 N-1
oo — _ ;29 k
o () = o) =5 ) 3 A (121)
9g» z 9gs
k=0
B .O0g .9gp N
= folw,y) =iz (. y)py(w,y) +ig (2. y) AT (2,y) (123)
for all (x,y) € R. Further, (123) implies
0 0
[ S Mt + 2] sl + 2l il (120
2
< u+a+aqfﬂi+% T (125)
2G
< (14 7255 ) Wl (126)

which shows conclusion (3) in the statement of the theorem. Again utilizing (123),

Ipe gy Ops
) + 1 )~ fa)| < | P (o) 415

<

.0
i%0 ) AV )|+l i

< (1+ e)N“G{VHHfbHLoo(R) + €l fllL=(r)
< 2€[| foll L (m)-

Applying both (118) and (126), we obtain

Ipy Opy

Jg

< 2€|| fll oo (r) + €llpvll L (r) Iz

2G4
< (2 + 1—2G1> el flle=(ry,

L>=(R)

o) + 22 (@, yp(asy) — folesw)| + olery) —

%(wyy) + i%(m,y)pb(ﬂc,y) - f(%y)‘ < ‘ax(x,y) + i%(m,y)pb(x,y) - f(%y)‘ +

.3gb ,39
Z%(ﬂc,y)pb(fﬂ,y) zax(x,y)pb(x,y)‘

(127)

(128)

(129)
(130)

(131)
(132)
(133)

(134)
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which establishes the second conclusion. It remains to prove the first conclusion. We first observe that the Fourier
transform of the function h, as defined in (113), is given by

e =g [ [ | [ et exptitags + ye)asay (135)
n o 0
—po D) ) ( | ot [ fb<x,§2>dx) (136)

where 6(&;) is the Dirac-Delta distribution. Clearly, (136) is a tempered distribution of order (1,0) supported on
the domain [—cy(€), cr(€)]?. Note that if the Fourier transform of a function ¢ € C*°(R?) is a tempered distribution
of order (1,0) supported on the domain [—¢, ], then it’s convolution with the function % € S(R?) is a tempered
distribution of order (0,0) supported on the domain [—c — cag 0. (€), ¢ + Cog/0.(€)]?. Note that Ag] is the integral
over z of the aforementioned convolution, and hence its Fourier transform is a tempered distribution of order (1,0)
supported on the same domain. It follows inductively that, for all k, the Fourier transform of A*[h] is a tempered
distribution of order (1,0) with support on the domain

[—cy(€) = kcagra(€), cp(e) + k:cag/ax(e)]z. (137)

Combining the above with (114) yields the first conclusion, and completes our proof. O

4 Numerical Aspects of the Levin Method

In this section, we give an argument which shows that when the Levin equation (91) is discretized using a bivariate
Chebyshev spectral collocation method and the resulting linear system is solved via a truncated singular value
decomposition, a high-accuracy solution is obtained, regardless of the magnitude of % or whether or not it has
stationary points. Here, we represent the solution p using a bivariate Chebyshev expansion of order n which utilizes
M = (”H)QM basis functions. However, we require that the Levin equation holds on the nodes of a Chebyshev
tensor product quadrature of order

k= [\/W] . (138)

We take this approach since the Levin equation involves the product of % and p, which is represented by a
bivariate Chebyshev expansion of order 20 . While the rigorous bounds presented here depend on the value of k
given by (138), in practice there is negligible impact of imposing conditions on only I collocation nodes, where [
slightly exceeds M.

We begin by providing an analysis on the error of the computed integral value under the assumption that % is

strictly non-zero. Following this, we treat the case in which % is of small magnitude on the solution domain,
possibly with zeroes. Finally, we close this section by discussing how a particular choice of v from (90) can be used
to numerically accelerate the Levin method.

Throughout this section, we suppose that f: R — C and g : R — R admit infinitely differentiable extensions to
open neighbourhoods of R, and that 0 < € < 1. Moreover, we define

. |0g Og
Go = = d G;= —(z,y)|, 139
0= R8s ™Y ‘ and G = e 16r ™Y (139)
as well as
_1 min /1 @(x ))dx and W, = 1 ma /1 @(x ) | dz (140)
T 2ye111) , \ O Y T 2 yetty ) \on Y '

We first suppose that Gy > 0; among other things, this assumption ensures that there are no zeroes of % in R.By
Theorem 3, there exists a bandlimited function p, : R — C such that

Opy .0g (W]
_ < o
Dz (z,y) tig (z,y)po(z,y) f(%y)’ S Il fll oo (r) for all (z,y) € R, (141)
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Wl 1
e < 1, 142
1Poll Lo (r) < Go " b 11l (R) (142)
I (Wl { 1 }
— < min < 1, o 143
[5e] = amn { y  Wlan (143

It follows from the discussion in Section 2.2 that we can choose an integer n independent of [W_,|, |W_| and G
such that

| Palf] = flleer) < €llfllLe(r), (144)
[59} _ 9 < ‘ 9 , (145)

ox ox L (R) Ox L (R)
| Palps] — poll oo (r) < €llpvll o (r)- (146)

If 0 <e< 1, then
‘ P, [89] < z\ ol . (147)
02 ey = 11907 ll o (m)

| Pulpo]ll Lo (ry < 2|6l oo (R)- (148)

The above inequalities together with (33) show that we can choose integer n so that

0 (O] (O 00 o
Haxpn[pb]‘FZPn |:a$:| Pn[pb] <a +1 6$ ) H

+4eGy ”pb”Loo(R) (149)

oc

L°°(R

1

0 W]

Combining (141) and (150), we obtain

e Pen + 2 | 5| @opllen) - sen| S e (14 0 Gomin {1 D E e as1)

for all (x,y) € R.
We define the k? x k? matrix 4 via

¢ = diag [gi} (152)
where k is given by (138). It follows from (151) that
(Z: +1i9)lps] = [f] + 3], (153)
where
il 5 T min {1, = bl (154
and
601 5 € (14 0+ Gaymin {1, 5 ) P e, (155)

The bounds on ||[ps]|| and ||[d]|| are consequence of (142) and (151), respectively. It follows from (154) and (155), as
well as the obvious inequality

| 2% +i%|| < max {G1,k*}, (156)
that

18]Il < emax{G1, &>} [py] [l (157)

By Lemma 1, solving the linear system

(D; +19)lp1] = [f] (158)
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via a singular value decomposition truncated at precision on the order of €| ZF + i¥|| yields a solution [p;] such that

Wil .
< < oo
1] 5 () S St min {1 o e (159)
and therefore
(2% +i9)[p1] — £ S 125 + il [p]| (160)
s g maxten iy min {1, i, (161)

Since the Chebyshev polynomials are bounded in L>°(R) with norm 1, it follows from (159) that

. |
0o < —T 1, —— oo 162
sty % 2 i {1 (162)
and from (161) that
W] 0
01| 00 < e—— G,k oo 163
ol S e (G pmin {1, 7 (163)

where p; and 6; are n*® order bivariate Chebyshev expansions which agree with the values of [p;] and
(2F 4 i4)[p1] — [f] respectively at the collocation nodes. Moreover, we clearly have

{%pl +iddy } = [f +4] (164)
and
P |92 i ) = Pl + i), (165)

Since p; and §; are n'" bivariate Chebyshev expansions of the form (27), it follows that P,[p;] = p; and similarly
for §;. A simple application of (30) and (32) yields

op1 .0y dp1 | .0g
‘ " [8m “axm} (é)x —Haxpl L>(R) S Gl (166)
and
IPalf +81] = (F + 60l gy S €l Fll ey (167)
Finally, it follows from (163), (165), (166) and (167), that
P () + 12 (@, s (o) — F(0,9)| S €Al (168)
ox ) ox ) ’ ) ~ (R)»
where o ) )
Al = (1+(;;+(;OmaX{G1,k’2}> W+|m1n{1,VV_} (169)

Utilizing this, we will now analyze the error in the value of the integral computed via the Levin method. Let

= [ [ s esplistepasay (170)
be the true value for the oscillatory integral, and consider the estimate I; given by
L = / / == (p1(z,y) exp(ig(z, y)))dzdy. (171)
We have

== (B 2o - fe.0)) espligton) sy a72)
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S €Al flle(r) (173)

which holds in the case in which Gy > 0. Note that |W | min{ ﬁ} is bounded independent by the magnitude

of 69 , provided that 69 does not vary rapidly in y. Moreover, G1/G( remains small provided that gg does not vary

rapldly in x or y. These assumptlons are, of course, reasonable when analyzing an adaptive scheme. Therefore,
(173) implies that when 2 52 varies slowly over the domain of interest, the error on the integral estimate computed

via the Levin method is bounded independent of the magnitude of %

We now consider the case in which G is small; in particular, we suppose that G < %. Deploying Theorem 4, we
obtain the existence of a bandlimited function p, with bandlimit

[—cs(e) — Ncogou(€), cr(€) + Neagran(€)]?, (174)
where log(¢)
| log(e
V= Log@Gl)J (175)
such that 5 5 )
Po .0g
9Py ) < _c -
2 ) + g < 2 (=5 ) Wl (176)
and 5 a
Po
Bl <a(ie 22 ) e ()
H 97 || () —2G, wr

Since Gy < 1, it follows that (174) is bounded and so the coefficient {a;;} of the bivariate Chebyshev expansion are
bounded by a rapidly decaying function which is independent of G;. Proceeding just as above, we can choose n
independent of GG; such that

0 ) dg dpy, .0g 2GH
—P, P, |=Z| P,lpp] — | =— +i== <ell+ —r - 178
g v ir g8 puto = (G2 wigim) | se (e 725 ) limin (17%)
Defining [ps], [0] and ¢ as before, we see that
4G4
1101l Se (1_2G1> Ilfll o (R) (179)
and
(72 + 9)pe]ll S max{Gr, K} (180)
Solving the system
(Z; +i9) ;] = |f] (181)
via a singular value decomposition truncated at precision on the order of €| ZF + i¥|| yields a solution [p;] such that
< 2
[pa]ll < m”f”m(m (182)
and 9
1(25 +9)lpe] = A1l S ﬁmaX{Gl»k2}ml|f”L°°(R)' (183)
Defining p; and ¢ as before, we then obtain the bound
Op1 0y
%(ﬂf,y) + l%(x’ yp(x,y) — f(z,y)| S €Aall fllLe(r), (184)

where
2 1

AzzmaX{Gl,kz}l_Qal + e

(185)
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which holds for all (z,y) € [-1,1]. Applying the same procedure as above, we can conclude that
[ = I| S Aol fllLoe ((—1.172)- (186)

Since we are considering the case there (G is small, it follows that the constant term As is small as well. This result
holds when % is uniformly small over the domain of interest,

independent on how rapidly it may vary.

4.1 Numerical acceleration via a rotated domain

To mitigate the effect of low frequency breakdown, it is advantageous to maximize the Vg - p term in (88). In
Section (3), we deduced that the Levin equation admits well-behaved solutions regardless of the magnitude of Vg,
even in the presence of stationary points. This scheme only works adaptively since we can continually subdivide the
domain until we are solving the equation on a region in which Vg is approximately constant.

Throughout Section (3), we opted to solve the two dimensional Levin equation under a certain restriction of the
vector-field solution p, namely (90). We noted that we could more generally restrict ourself to solutions of the form

p(7,y) = v(z,y)p(z,y) (187)

for any sufficiently well-behaved vector field v(z,y). In order to maximize Vg - p, it is natural to choose
v(x,y) = Vg(x,y). This results in the reduced Levin equation

(Vg(z,y) - D+ (Ag+il|Va(z,y)|*)) p(z,y) = f(z,y) (188)

where D = (% 0%) Since Vg is approximately constant, Ag ~ 0. This reduces the equation to the same form as

(91) while also maximizing the Vg - p term of (88). Introducing a change of coordinates
dg dg
! o 2y (3&)
_ : 189
0-(% B)C )

1
V9@ y') = <o) (190)

it follows that

for all (z/,y"). Then (188) becomes
Fa @) +ipa’y) = f(@',y), (191)

analogous to (92) in the case where w; = 1. Applying Lemma 5 yields a solution p subject to relatively tight and
clean bounds. Moreover, since G1 > 0, the coefficient A;, given by (169), is minimized, resulting in minimal error
in the integral estimate (173).

5 Algorithm Description

In this section, we describe a resonance-free two-dimensional adaptive Levin method for the numerical evaluation of
integrals of the form (5). We begin in Section (5.1) by reviewing the algorithm used to compute the
one-dimensional integral (1) introduced in [3], which is a component of the scheme of this paper. We then describe
the algorithm of this paper that approximates (5) in Section (5.2). Finally, we close with Section 5.3 which gives a
brief review of the adaptive Gauss-Legendre algorithm used to numerically compute reference values in the
experiments of this paper.
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5.1 The Adaptive Levin Method in 1D

In this subsection, we describe the adaptive Levin method in one-dimension, introduced in [3], for the numerical
calculation of integrals of the form

b
/ f(x)e @ d. (192)
a
The algorithm operates by adaptively applying a base routine which computes an estimate of
bo )
f(x)e ) dy (193)
ag

for some subinterval [ag, bo] C [a, b]. The adaptive base routine takes as input the interval [ag, by, an integer k
(controlling the number of Chebyshev nodes used to discretize the one-dimensional Levin equation), the k extremal
Chebyshev nodes {tf}}feb}le on the interval [ag, by], and the vectors of values [f] and [g] providing the values of the
functions f and g on the Chebyshev nodes.

The base algorithm proceeds as follows:

1. Estimate the vector of values [¢'] by applying the one-dimensional spectral differentiation matrix 2 to the
vector of values [g]. That is,
s (11%") o (1)

=Yy : . (194)

o (1515") o (1)

g (%)

A =Dy +i (195)

g (1)

2. Form the k x k matrix

so that & [p] = [f], which discretizes (2).

3. Construct a singular value decomposition

g1 T
g9 | |

|
o =|u - u . Vi ot Vi (196)
| -

ok
of the matrix 7.

4. Find the least integer 1 <[ < k such that o, < ¢y]| ||, where ¢ is machine zero. If no such integer exists,
then return the estimate 0 for (193).

5. Approximate the vector of values [p] of the solution p to (2) via

pl=(vi - v . u - ow [f]- (197)

Then the entries of the vector [p] of (197) approximate the values of a function p such that

d

75 (P(@) exp(ig(2))) = f(=) exp(ig(x)) (198)

at the Chebyshev extremal nodes on the interval [ag, bp].



Aubry, Serkh, Bremer Page 22

6. Return the estimate
p (62%5°) exp (ig (t55")) — p (£5°%") exp (ig (57%")) (199)

for the approximate value of (193).

The adaptive algorithm takes as input the interval [a,b], a tolerance parameter e > 0, an integer k (controlling the
number of Chebyshev nodes used to discretize the one-dimensional Levin equation), and the vectors [f] and [g] of
values of f and g at the Chebyshev nodes on [a, b].

The algorithm maintains an estimate I for (192), as well as a stack of subintervals. Initially, this interval stack
contains only the entire interval [a, b] and the initial estimate I is set to 0. The following steps are repeated as long
as the stack is non-empty:

1. Remove a subrectangle [ag, bo] from the stack of subintervals.

2. Compute an estimate

bo
Iy = f(x) exp(ig(z))dx (200)

ao

over the entire subrectangle using the base routine described above.

3. Calculate estimates

co bo
I :/ f(z)exp(ig(z))dx and 12:/ f(z) exp(ig(x))dx (201)

co
where ¢y = “07'2”’0 using the base routine described above.

4. If |Ip — (I1 + I2)| < €, then update the current estimate I < I 4+ Iy. Otherwise, add [ag, cg] and [cg, by to the
stack of rectangles.

In the end, the algorithm returns an estimate I for (5).

5.2 The Adaptive Levin Method in 2D

In this section, we provide a description of the algorithm of this paper — a resonance-free adaptive Levin method in
two dimensions for the numerical calculation of integrals of the form

/R f(z,y) exp(ig(x,y))dzdy. (202)

Note that the algorithm can be trivially modified to handle integrals of the form

/ f(z,y)sin(g(z,y))dxdy or / f(z,y) cos(g(z, y))dzdy. (203)
R R

The algorithm operates by adaptively applying a base routine which computes an estimate of

f(z, y)eig(“"’y)dxdy (204)
Ro

over some subrectangle Ry C R. The base routine operates by solving either

P (oy) 4102 (2, ) y) = () (205)
S waw) + i (el y) = o). (200)
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In solving one of these equations, the boundary integral (9) reduces to

or

) d d
F(, )69 dudy = / p(b, y) exp(ig(b, y))dy — / p(a, ) expligla, y))dy (207)
Ro c c

) b b
F(,4)e9@ dudy = / p(z, ) exp(ig(z, d))dz — / p(z, ¢) explig(z, o))do (208)
Ro a a

respectively. We define the constants

M, = min abs 99 and My = min abs 99 (209)
ox dy

and solve (205) in the case where My > M> and we solve (206) otherwise. Here we describe the base algorithm in
the first case, and the description the second case is entirely analogous. In this case, the boundary integral (9)
reduces to

The base routine takes as input the subrectangle Ry, an integer kepep, controlling the number of Chebyshev nodes
used to construct the tensor product quadrature, an integer ny,se specifying the maximum order of the polynomials
used to represent the solution p, an integer mjevin specifying the number of interpolation points along each section

9g

of Ry, as well as the vectors of values [f], [g], [87:| and [g—z]. The base routine proceeds as follows;

1.

Construct the k2 x k2 matrix
o = 7% +i(diag [ 52]) (210)

which discretizes (1).

. Construct a singular value decomposition

g1 T
| | o | |
o =ug - U . Vi o Vg2 (211)
|

of the matrix 7.

. Find the least integer 1 <1 < k? such that o, > ||.<7|| reo where €y is machine zero. If no such integer exists,

return the estimate 0 for (204).

Approximate the vector values [p] of the solution p to (??) via

1

g1

b= (v v § woow | () (212)

Using the vector of values [p], interpolate to an m—point grid of Chebyshev nodes on the relevant sections of
ORy, and similarly for [g]. That is, obtain the vectors

plao, y§heP) p(bo, y5ieP) g(ag, yher) g(bo, ysheP)
plao, yser) p(bo, y5eP) g(ag, ysher) 9(bo, ys"eP)

. , ] , . and . , (213)
p(ao,yfyﬁlﬁg) p(bo,y%ﬁ};) g(a'07y$r}11:31’2) g(b()vyfrl;l,enbz)

where {yfﬁgb ™, is the m—point grid of Chebyshev nodes over the interval [ag, bg].

. Use the provided external subroutine to evaluate the function g on the the two m—point grids of Chebyshev

nodes {(ao,yfﬁfbb) m ., and {(bo,yfﬁb,co) m,.
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7. Return the estimate (9) by applying the one-dimensional adaptive Levin algorithm as described in Section
(5.1) to the one-dimensonal integrals of (207)

The algorithm proper takes a tolerance parameter € > 0, the domain endpoints a < b and ¢ < d, an integer k
specifying the number of discretization nodes, an integer n specifying the order of the polynomial expansion
representation, and an external subroutine which returns the values of the functions f, g and (optionally) % and
)

8—5.

The algorithm maintains an estimate I for (5), as well as a stack of subrectangles. Initially, the stack only contains
the full rectangle R and the initial estimate I is set to 0. The following steps are repeated as long as the stack is
non-empty:

1. Remove a subrectangle Ry = [ag, bo] X [co, do] from the stack of domains.

2. Use the external subroutine supplied to evaluate the functions f, g, g—z and % at the Chebyshev tensor

cheb cheb) k
%

product quadrature {(z over Ry. If the values of the partial derivatives % and g—‘y’ are not

Y5 i,j=1
provided, estimate their values at the quadrature nodes via spectral partial differentiation:
g & dg k
—=| =92 d —| =29 214
2] - 2210 an %)~ gl (214)
3. Compute an estimate
Io= [ f(z,y)exp(ig(x,y))dzdy (215)
Ry
over the entire subrectangle using the subalgorithm described above.
4. Calculate estimates
L= [ o) explivs - gla,y)dady (For i =1,2.3,4)
R;
where
b d, b d,
Ry = |ag, 2000 o |, b0 Ry = |20 pt ]y, G0t (216)
2 2 2 2
b d b d
Rg: |:a0,a0_; 0:| X |:CO—|2— O,d0:| y R4: |:(L0-2|- 0,b0:| X |:CO—’2_ 0,d0:| (217)

using the subalgorithm described above.

5. 1[I~ XL, 1
rectangles.

< ¢, then update the current estimate I < I + I. Otherwise, add {R;}?_; to the stack of

In the end, the algorithm returns the an estimate I for (5).

5.3 Adaptive Gauss-Legendre integration in 2D

In this section, we provide a brief description of the Gauss-Legendre adaptive integration scheme in two
dimensions. In particular, we utilize this algorithm to compute accurate estimates of

/ f(z,y)dady (218)
R

for some function f :R? — R and some rectangle R C R?. This algorithm was utilized in many of our experiments,
and the values it returned were considered the ground truth.

Begin by constructing Legendre quadratures z1,...,x, and yi,...,y, on the intervals [a, b] and [c, d] respectively,
along with associated Gauss-Legendre weights wi, ..., w} and w?,... , w2. Taking a tensor product of the two sets
of nodes yields a quadrature on the entire rectangle R, while taking pairwise products of the weights yields a set of
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weights for the rectangle R. Explicitly, we obtain
{ziyi b= Wij = wiw? (219)

The integral approximation of the function f(z,y) over R is then given by

[RCE S iy f o) (220)

7,7=1

The adaptive scheme takes as input an integer n denoting the order of the approximation, the values a,b, ¢, d
denoting the bounds of integration, a tolerance parameter € > 0, and an external subroutine for evaluating the
function f(x,y) on the quadrature nodes. The algorithm maintains an approximation I which is initially set to 0,
as well as a stack of subrectangles which initially contains the entire rectangle R. The following steps are repeated
as long as the stack of rectangles is non-empty.

1. Remove a rectangle Ry from the stack of rectangles.

2. Compute an estimate

To= [ f(zy)dedy (221)
Ro

over the entire subrectangle using the approximation (220) described above.

3. Compute estimates
I = / fz,y)dzdy (Fori=1,2,3,4.)
R;
for the subrectangles R; given by (217) used in the adaptive Levin algorithm.
4. If | Ip — Y21, I]| < e, then update the current estimate I < I + Iy. Otherwise, add {R;}2_, to the stack of

rectangles.

When the algorithm terminates, an estimate I for (218).

6 Numerical Experiments

In this section, we provide the results of numerical experiments which were conducted to present the properties,
behaviour, and performance of the two-dimensional adaptive Levin method in a variety of cases. The code for these
experiments was written in Fortran, and compiled with version (blah).

We took k = 7, resulting in a 49 point tensor product quadrature on the unit rectangle built from a 7 point
Clenshaw-Curtis quadrature. Moreover, we utilized npase = 9" order bivariate Chebyshev expansions of the form
Equation (27), resulting in 55 basis functions. Finally, we use a 7 point Curtis-Clenshaw rule when applying the
one dimensional Levin method on each portion of the domain’s boundary R when applying the one dimensional
Levin method. The tolerance parameter for the adaptive Levin method was set to 10712,

6.1 Integrals involving elementary functions with explicit solutions.

In this experiment, we evaluated the following integrals using the adaptive Levin scheme:

100
/ / exp (iw(z + y)) dedy, (222)

100

IL(w) = / sin(x — y) exp (iw(10z — 4y)) dedy  and (223)
[-1.1]2

I3(w) = /[ . e’ cos(y) exp (iw(9y — 2x)) dxdy. (224)
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These integrals have the following closed-form representations

(6100iw _ 6710021‘;)(61‘0; _ 1)

Iw) = — , (225)
hw) = 2isin(2w — 1)sin(10w — 1) 2isin(2w + 1) sin(10w + 1) and (226)
(4w — 1)(10w — 1) (4w + 1)(10w + 1)
4 2i

Ii(w) = (: - 2) sin(2w + i) (Bsin(C) + C'sin(B)), (227)
where A = BC(4w? +1), B=9w+ 1 and C = 9w — 1.
In this experiment, we sampled [ = 200 equispaced points 1, ..., x; in the interval [5,20]. For each
w=2%1...,2% we evaluated I, Is and I3 using the adaptive Levin scheme . The time taken by the adaptive

Levin scheme was measured and the absolute error on the solution was recorded. Figure 1 gives the results.
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Figure 1: The results for the experiment in Section (6.1). The first row plots the results for integral I; over the
rectangle [0,1] x [—100,100] in the case where w = 2%:. The second and third rows plot the results for integrals Io
and I3 respectively in the case where w = 2!. The plots in the first column display the computation time, which
is notably independent of the frequency w. The plots in the second column display the absolute error between the
value computed by the two-dimensional adaptive Levin scheme and the true value provided by Equation (224).
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6.2 Integrals with explicit solutions involving stationary points.

In this experiment, we evaluate
Ii(w) = / exp(z + y) exp (iw(z* — y*)) dady (228)
[(-1,1]2

using the adaptive Levin scheme. This has a closed-form solution given by

Li(w) = i [Erf((—1)1/4A) + Erﬁ((_1)1/43)} [Erf((_1)3/4A) + Erﬁ((_1)3/43)} (229)
(230)
where
1 i
A:m—mﬁ B=ﬁ+ﬁ. (231)

The notation Erfi refers to the complex error function. This experiment was undertaken in order to understand the
behaviour of the Levin method in the presence of stationary points. In this case, Vg has stationary points along
the lines z = 0 and y = 0.

We sampled I = 200 linearly-spaced points z1,...,2; in the interval [5,20], and we evaluated I4(w) for each
w=2%_...,2% using the adaptive Levin method. The computation times and absolute errors against the true
solution are plotted in Figure 2 as a function of w.

121 1078 4
10—10 4
101 1072 ] MM~ WMy
— § 10-14 4
2081 i
wn Ja-l)
E 3 10-16 4
0.6 1 10-18
10—20 4
0.4
10722 4
T T T T T T 10724 T T T T T T
23 25 27 29 211 213 215 217 23 25 27 29 211 213 215 217
w w

Figure 2: The results for the experiment in Section 6.2. The left and right plots provide the computation time
and absolute error for integral I; and I5 over the rectangle [—1,1]% in the case where w = (2%¢,2%) and w = 2%
respectively.

6.3 An integral involving resonance points

In this experiment, we consider the integral
Iy (w) = / exp(iw(1 4 z)(1 + y?))dzdy. (232)
[0,1]

In this case,

Vo= (le(j_fi:)) ! (233)
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and so the integrand has a line of resonance points along y = 0. We sampled [ = 20 linearly-spaced points x1,...,x;
on the interval [5,20], and evaluated I5(w) for each w = 2%1,... 2" using the adaptive Levin method. The
computation times and relative errors, measured by comparison with the Gauss-Legendre adaptive scheme, are
plotted in Figure 3 as a function of w.

The relative errors are only computed up to w = 2!! due to the time complexity in the case of the Gauss-Legendre
method in the high frequency regime.
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O i
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E £ 10771
a g
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0.025 - 10-22 ]
0.000 Lo-2¢
24 27 510 13 516 519 24 26 58 510 12
w w

Figure 3: The results for the experiment in Section 6.2. The left and right plots provide the computation time and
relative error for integral I; and I over the rectangle [—1,1]? in the case where w = 2%i. The relative error is obtain
by direct comparison against the Gauss-Legendre adaptive integration scheme.

6.4 Integrals involving Bessel functions

In this experiment, we used the adaptive Levin method to evaluate the integral
Is(w,e) = / "tV Hy(wr)dzdy, (234)
(0,112\[0,€]

where
r=+z?+y% (235)

Here, H, denotes the Hankel function of the first kind
Hy(x) = J,(x) +iY,(x), (236)

where J, and Y, are Bessel functions of the first and second kind, respectively. They are solutions of Bessel’s

differential equation
d*y dy
27
. dy? (z) + @ dx

The Bessel functions of the second kind are singular at the origin, making I improper, which is why we delete a
small neighbourhood of the origin from the domain of Ig.

—Z(x) + (2% = v*)y(z) = 0. (237)

In this experiment, we sampled [ = 20 equispaced points x1, 3, ..., z; on the interval [5,20]. Then, for each
w=2%1...,2% we constructed a phase function representation for both the first and second kinds of Bessel
functions using the algorithm of [2]. In particular, the phase a5 functions give us the representations

sm beb COS bes
and (238)
/ abes / abes
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so that
—ia%(2)

\/abT

Using this representation, coupled with the adaptive Levin method, we evaluate Is. Explicitly, we took the
following functions as input to the adaptive Levin scheme;

z+y
(x,y) =1, | and (240)
2\/.]32 + Z/ \/ bes w 1‘2 + Yy )

lOjes(w x2 +y?) (241)

H,(x) = (239)

g(z,y) =

The results of this experiment are plotted in Figure 4. Of course, the increased computation times for the
calculation of Ig in comparison to the other experiments can be attributed to the time taken to compute the vector
of values [aP®] at each iteration. Moreover, it is not surprising that as e decreases in magnitude, a larger number of
subdivisions are required in a neighbourhood of the singular. This is visually illustrated in the graph appearing on
the right hand side of Figure 5, where we plot the subdivision pattern when we computed I5(2'°, ¢ = 0.1).

1073
— e=01 — £=0.1
--=- g= 0.01 --- &€= 0.01
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F o4 i ?ﬂ: 10711 4
................... 2
r 10—13 p
P9 AN N S N B
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2! 22 23 24 25 26 27 28 21 22 23 24 25 26 27 28
w w

Figure 4: The results for the experiment in Section 6.4. The left and right plots provide the computation time and
absolute error respectively a function of w for integral I over the rectangle [0,1] \ [0, €]? in the case where w = 2%¢.

6.5 Experiment 5 - Behaviour in presence of high order stationary points

In this experiment, we used the adaptive Levin method to evaluate

cos(zy) )
Ir(w,n,m) = o) " y™) dady, 242
omm) = [ e " ™) dady (242

where n and m are positive integers. The goal of this experiment is to test the time-complexity of the algorithm as
the order of the stationary points increases. The results of this experiment are shown in Figure 6. The first plots
displays the computation time as a function of w for each pair (n,m) while the second displays the relative error as
a function of w against the results for the adaptive Gauss-Legendre method. We consider the pairs

(n,m) =(2,2),(3,4),(4,4) and (7,4). (243)

Analogous to the results observed in [3], the relative error on the computed integral remains consistent for various
pairs (n,m), while the time complexity increases moderately with increasing n + m.

Displayed in Figure 7 are visualizations of the adaptive subdivision which occured when the adaptive Levin method
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Figure 5: Plots visualizing the adaptive subdivision underwent by the two-dimensional adaptive Levin method.
For a given subrectangle, the box boundary is colored blue if (205) was solved, and is colored red if (206) was
solved. (Left) The subdivision when computing I;(w = 219 ¢ = 0.1). (Right) The subdivision when computing
Is(w = 219, ¢ = 0.01).

was applied over the rectangular domain when computing I5(2'2,2,2) and I5(2'2, 2, 10).
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Figure 6: The results for the experiment in Section 6.5 where we analyze the behaviour of the adaptive Levin method
in the presence of high-order stationary points. The left and right plots provide the computation time and absolute
error respectively as a function of |w| for integral I7(n,m). We consider various values of n and m over the rectangle
[—1,1]? and the case where w = (2%, 2%1).

6.6 Experiment 6 - Behaviour in presence of many stationary points

In this experiment, we used the adaptive Levin method to evaluate
1
fallesmm) = /[] Trar sy o (i (s? () +sin® (757w ) ) dody (244)

1 nm mm
= [ | b (o o () vt ()i o
9(w,n,m) /[_171]2 o exp | iw (sin® ( - + cos 5 Y xdy (245)
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Figure 7: Plots visualizing the adaptive subdivision which occured when the two-dimensional adaptive Levin method
was applied. For a given subrectangle, the box boundary is colored blue if (205) was solved, and is colored red if
(206) was solved. (Left) The subdivision when computing Is(w = 2°,n = 2,m = 2). (Right) The subdivision when
computing I7(w = 2°,n = 2,m = 10).

each of which have nm stationary points, where n and m are positive integers. The goal of this experiment is to
test the behaviour of the adaptive Levin method in the presence of many stationary points scattered across the

domain of integration. In this experiment, we sampled | = 30 points x1,...,2; in the interval [5,20]. Then, for each
w=(271,271),...,(2%1,2%1), we evaluate Ig for various values of (n,m). We consider the pairs
(n,m) = (2,2),(3,4),(4,4) and (7,4). (246)

Figure 8 gives the results. Of course, it is not surprising to see that the time of computation increases uniformly as
the number of stationary points increases. Additionally, Figure 9 provides a visualization of the adaptive
subdivision underwent when computing Ig(2°,3,4) and Iy(2°,4,4).

7 Conclusion
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Figure 8: The results for the experiment in Section 6.6 where we analyze the behaviour of the adaptive Levin method
in the presence of many stationary points. The left and right columns provide the computation time and absolute
error respectively as a function of w. The first row displays the results for Is(w,n,m) while the second column
displays those of Ig(w,n, m). We consider various values of n and m over the rectangle [—1,1]? and the case where

W= (27, 2%).
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